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Abstract
Noncommutative p-brane actions, for even (p + 1 = 2n)-dimensional world-volumes, are written explicitly in terms of
the novel Moyal–Yang (Fedosov–Kontsevich) star product deformations of the noncommutative Nambu–Poisson brackets
(NCNPB) that are associated with the noncommuting world-volume coordinates qA,pA for A = 1,2,3, . . . , n. The latter non-
commuting coordinates obey the noncommutative Yang algebra with an ultraviolet LP (Planck) scale and infrared (R) scale
cutoff. It is shown why our p-brane actions in the “classical” limit h¯eff = h¯LP /R → 0 still acquire nontrivial noncommuta-
tive corrections that differ from ordinary p-brane actions. Super p-branes actions in the light-cone gauge are also amenable
to Moyal–Yang star product deformations as well due to the fact that p-branes moving in flat spacetime backgrounds, in the
light-cone gauge, can be recast as gauge theories of volume-preserving diffeomorphisms.
 2005 Elsevier B.V.
1. Introduction: Yang’s noncommutative algebra
Yang’s noncommutative space time algebra [1] is a generalization of the Snyder algebra [2] (where now both
coordinates and momenta are not commuting) that has received more attention recently [3]. The isomorphism of
Yang’s algebra [1] to the 4D (angular momentum algebra) conformal algebra SO(4,2) was established by Tanaka
[3] (within the context of the holographic principle) by using the correspondence Xµ ↔ LPΣµ5 where LP is an
ultraviolet scale (Planck scale) and Pµ ↔ (h¯/R)Σµ6 where R is an infrared scale (the throat size of de Sitter,
anti-de Sitter space). h¯Σµν, h¯Σµ5, h¯Σµ6, h¯Σ56 are the angular momentum operators in 6D. This construction [2]
can be generalized to higher-dimensional extensions of Yang’s algebra [1] by simply replacing the SO(4,2) algebra
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(1.1)[Pµ,N ]= −iη66 h¯
R2
Xµ,
[
Xµ,N ]= iη55 L2P
h¯
Pµ N ≡ LP
R
Σ56,
(1.2)[Xµ,Xν]= −iη55L2PΣµν, [Pµ,P ν]= −iη66 h¯2R2 Σµν,
(1.3)[Xµ,Pµ]= −ih¯ηµν LP
R
Σ56 = −ih¯ηµνN ,
(1.4)[Σµν,Σρσ ]= i(ηµσΣνρ + ηνρΣµσ − ηµρΣνσ − ηνσΣµρ),
(1.5)[Σµν,Xρ] = i(ηνρXµ − ηµρXν), [Σµν,Pρ] = i(ηνρPµ − ηµρPν).
These commutators obey the Jacobi identities. When LP → 0 and R → ∞ one recovers the ordinary commuta-
tive spacetime algebra. The Snyder algebra [2] is recovered by setting R → ∞ while leaving LP intact. To recover
the ordinary Weyl–Heisenberg algebra is more subtle. Tanaka [3] has shown that the spectrum of the operator
N = (LP /R)Σ56 is discrete given by n(LP /R). This is not surprising since the angular momentum generator
M56 associated with the Euclideanized AdS5 space is a rotation in the now compact x5 − x6 directions. This is not
the case in AdS5 space since η66 = −1 and this timelike direction is no longer compact. Rotations involving time-
like directions are equivalent to noncompact boosts with a continuous spectrum. In order to recover the standard
Weyl–Heisenberg algebra from Yang’s noncommutative spacetime algebra, and the standard uncertainty relations
xp  h¯ with the ordinary h¯ term, rather than the nh¯ term, one needs to take the limit n → ∞ limit in such
a way that the net combination of nLP
R
→ 1. This can be attained when one takes the double scaling limit of the
quantities as follows:
(1.6)LP → 0, R → ∞, LPR → L2, lim
n→∞n
LP
R
= n L
2
P
LPR
= nL
2
P
L2
→ 1.
From Eq. (1.6) one learns then that nL2P = LPR = L2 where the spectrum n corresponds to the quantization of the
angular momentum operator in the x5−x6 direction (after embedding the 5D hyperboloid of throat size R onto 6D).
The physical interpretation of the double-scaling limit of Eq. (1.6) is that the area L2 = LPR becomes now quan-
tized in units of the Planck area L2P as L2 = nL2P . A general interplay between quantum of areas and quantum
of angular momentum, for arbitrary values of spin, in terms of the square root of the Casimir A ∼ L2P
√
j (j + 1),
has been obtained a while ago in loop quantum gravity by using spin-networks techniques and highly technical
area-operator regularization procedures [4].
2. Moyal–Yang star products and noncommutative branes
The task now is to construct novel Moyal star product deformations of (super) p-brane actions based on the
noncommutative spacetime Yang’s algebra where the deformation parameter is h¯eff = h¯LP /R for nonzero values
of h¯. The modified Poisson bracket is now given by{F(qA,pA),G(qA,pA)}
Ω
= (∂ZAF)ΩAB(∂ZBG)
= (∂qAF)
{
qA,qB
}
(∂qBG) + (∂pAF)
{
pA,pB
}
(∂pBG) + (∂qAF)
{
qA,pB
}
(∂pBG)
(2.1)+ (∂pAF)
{
pA,qB
}
(∂qBG),
where the entries {qA,qB} = 0, {pA,pB} = 0, and {pA,qB} = −{pA,qB} can be read from the commutators
described in the previous section by simply defining the deformation parameter h¯eff ≡ h¯(LP /R).
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numerical coefficients, the Moyal star product is defined in terms of the deformation parameter h¯eff = h¯LP /R as
(2.2)(F ∗ G)(Z) ≡ exp[(ih¯eff)ΩAB∂(Z1)A ∂(Z2)B ]F(Z1)G(Z2)∣∣Z1=Z2=Z,
where the derivatives ∂(Z1)A act only on the F(Z1) term and ∂(Z2)B act only on the G(Z2) term. Because in our case
the Poisson structure ΩAB is given in terms of variable coefficients, it is a function of the coordinates ∂ΩAB = 0,
since the Yang’s algebra is basically an angular momentum algebra, the suitable Moyal–Yang star product (in Rd )
given by Kontsevich [5] will acquire corrections to the ordinary Moyal star product
f ∗ g = fg + ih¯effΩij (∂if ∂jg) + (ih¯eff)
2
2
Ωi1j1Ωi2j2
(
∂2i1i2f
)(
∂2j1j2g
)
(2.3)+ (ih¯eff)
2
3
[
Ωi1j1
(
∂j1Ω
i2j2
)
(∂i1∂i2f ∂j2g − ∂i2f ∂i1∂j2g)
]+ O(h¯3eff).
The Kontsevich star product is associative up to second order [5] (f ∗ g) ∗ h = f ∗ (g ∗ h) + O(h¯3eff). The most
general expression of the Kontsevich star product in Poisson manifolds is quite elaborate and shall not be given here
[5]. Star products in curved phase spaces have been constructed by Fedosov [6]. Despite these technical subtleties
it will not affect the final expressions for the “classical” noncommutative p-brane actions (shown below) when one
takes the h¯eff → 0 “classical” limit. We will show below that in that limit there are still nontrivial noncommutative
corrections to the ordinary p-brane actions.
Our final expressions below, in the h¯eff → 0 limit, already encode the noncommutative structures inherent in
the noncommuting world volume coordinates. We shall display as well the Kontsevich star products corrections.
The noncommutative Moyal–Yang bracket defined in terms of the Kontsevich star product is: {{F ,G}} ≡F ∗ G −
G ∗F . In particular, when one relates the (in the even-dimensional world-volume case, p + 1 = 2n) world-volume
coordinates σ 1, σ 2, . . . , σp+1 of p-branes to the 2n phase space variables qA,pA, one has
(2.4){{Xµ(qA,pA),Xν(qA,pA)}}= Xµ ∗ Xν − Xν ∗ Xµ,
where one has rewritten Xµ(σ 1, σ 2, . . .) by Xµ(qA,pB). A Moyal–Yang star-product deformation of the Nambu–
Poisson brackets (MYNPB) can be defined when p + 1 = 2n = even [7]
(2.5){{Xµ1,Xµ2, . . . ,Xµp+1}}MYNPB = {{Xµ1,Xµ2}} ∗ {{Xµ3,Xµ4}} ∗ · · · ∗ {{Xµp,Xµp+1}}± · · · ,
where the ellipsis denotes signed permutations; i.e., the Moyal–Yang star-product deformations of the Nambu–
Poisson brackets (MYNPB) can be decomposed as suitable antisymmetrized sums of Moyal–Yang star products
of the Moyal–Yang brackets (MYB) among pairs of variables. When p + 1 = odd, attempts have bee made to
introduce deformations based on the Zariski star product deformations of the Nambu–Poisson brackets (NPB), but
unfortunately these deformed brackets failed to obey all the required algebraic properties of a (quantum) bracket
[7]. Therefore, to our knowledge, only when p + 1 = 2n is even one can perform a suitable star product deforma-
tions of the NPB. The Dirac–Nambu p-brane action is
(2.6)S = T
∫ [
dp+1σ
]√∣∣det(Gab)∣∣= T
∫ [
dp+1σ
]√∣∣det[Gµν(∂aXµ)(∂bXν)]∣∣,
where T is the p-brane tension. When the target spacetime background is flat, Gµν = ηµν , the determinant can be
rewritten in terms of Nambu–Poisson brackets (NPB) as
(2.7)det(Gab) = {Xµ1,Xµ2, . . . ,Xµp+1}
{
Xµ1,Xµ2, . . . ,Xµp+1
}
NPB.
However, when the target spacetime background is curved, Gµν = Gµν(Xρ(σ )), the determinant is
(2.8)det(Gab) =
{
Xµ1,Xµ2, . . . ,Xµp+1
}{
Xν1,Xν2, . . . ,Xνp+1
}
NPBGµ1ν1Gµ2ν2 · · ·Gµp+1νp+1,
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the brackets. The noncommutative branes action is simply obtained in a two step process. Firstly, we construct the
Moyal–Yang action S∗MY by using Moyal–Yang star products and brackets in the special case p + 1 = 2n = even
(2.9)S∗MY = T
∫ [
d2nσ
]√∣∣det[Gab(Xρ(σ))]∣∣∗,
where the Moyal–Yang deformations of the determinant det[Gab(Xρ(σ ))]∗ are
(2.10)1
(ih¯eff)2n
{{
Xµ1,Xµ2, . . . ,Xµp+1
}} ∗ {{Xν1,Xν2, . . . ,Xνp+1}} ∗ Gµ1ν1 ∗ Gµ2ν2 ∗ · · · ∗ Gµp+1νp+1 .
The correct Moyal–Yang deformed action S∗MY, for p-branes (such that p+1 = 2n) moving in curved backgrounds,
must involve naturally the Moyal–Yang deformations of the determinant det(Gab)∗ as shown in Eq. (2.10). How-
ever, when the target spacetime is flat one could use the other form of the action given by
(2.11)S∗Moyal = T
∫
d2nσ
√
1
(ih¯eff)2n(2n)!
∣∣{{Xµ1,Xµ2, . . . ,Xµ2n}} ∗ {{Xµ1,Xµ2, . . . ,Xµ2n}}∣∣.
The second step after Eq. (2.10) is to take the h¯eff → 0 limit such that the star products of functions reduce to ordi-
nary pointwise products and the Moyal–Yang brackets (MYB) reduce to noncommutative Poisson brackets (NCPB)
lim
h¯eff→0
1
ih¯eff
{{
Xµ,Xν
}}
→ {Xµ,Xν}NCPB
= (∂qAXµ){qA,qB}(∂qBXν)+ (∂pAXµ){pA,pB}(∂pBXν)+ (∂qAXµ){qA,pB}(∂pBXν)
(2.12)+ (∂pAXµ){pA,qB}(∂qBXν),
where the entries {qA,qB} = 0, {pA,pB} = 0, and {pA,qB} = −{pA,qB} can be read from the 4D Yang’s algebra,
in the particular case η55 = η66 = 1 (which is associated with an Euclideanized AdS space)
(2.13a){qA,qB}NCPB = limh¯eff→0
1
ih¯eff
[
qA,qB
]= −L2
h¯
ΣAB,
(2.13b){pA,pB}NCPB = limh¯eff→0
1
ih¯eff
[
pA,pB
]= − h¯
L2
ΣAB,
(2.13c){qA,pB}NCPB = limh¯eff→0
1
ih¯eff
[
qA,pB
]= −ηAB
with
(2.13d)ΣAB ≡ 1
h¯
(
qApB − qBpA), qA = q1, q2, pA = p1,p2
one can generalize Yang’s original 4-dim algebra [1] to noncommutative 2n-dim world-volumes and/or spacetimes
by working with the (2n + 2)-dim angular-momentum algebra SO(d,2) = SO(p + 1,2) = SO(2n,2). Therefore,
the SNC action may now be written in terms of the noncommutative Nambu–Poisson brackets (NCNPB)
(2.14)SNC = T
∫
d2nσ
√
1
(2n)!
∣∣{Xµ1,Xµ2, . . . ,Xµ2n}NC{Xν1,Xν2, . . . ,Xνp+1}NCGµ1ν1Gµ2ν2 · · ·∣∣
defined as
(2.15)
{Xµ1,Xµ2, . . . ,Xµp+1}NCNPB ≡ {Xµ1,Xµ2}NCPB{Xµ3,Xµ4}NCPB · · · {Xµp,Xµp+1}NCPB + permutations,
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(2.16)d2nσ ≡ dq1 ∧ dp1 ∧ dq2 ∧ dp2 ∧ · · · ∧ dqn ∧ dpn
has world-volume dimensions h¯n that compensates for the dimensions h¯−n of the square root expression of (2.14)
stemming from the brackets. To illustrate the corrections to the ordinary p-brane actions due to the inherent non-
commutative world volume coordinates we will present the explicit corrections to the p-brane action described by
(2.17) whose world volume is p + 1 = 2n-dimensional spanned by the q1, q2, . . . , qn and p1,p2, . . . , pn coordi-
nates. The NCPB are
{
Xµ1,Xµ2
}
NCPB =
i=n∑
i=1
∂[piXµ1∂qi ]Xµ2 −
L2
h¯2
∑
i,j i =j
(
qipj − qjpi)∂[qiXµ1∂qj ]Xµ2
(2.17)− 1
L2
∑
i,j i =j
(
qipj − qjpi)∂[piXµ1∂pj ]Xµ2
these NCPB are the ones that define the NCNPB{
Xµ1,Xµ2,Xµ3, . . . ,Xµ2n
}
NCNPB
(2.18)≡ {Xµ1,Xµ2}NCPB{Xµ3,Xµ4}NCPB · · ·{Xµ2n−1,Xµ2n}NCPB + signed permutations
and which are inserted into the noncommutative p-brane action (2.14) when p + 1 = 2n. The last two terms in
the r.h.s. of (2.17) explicitly furnish the corrections to the ordinary p-brane actions (2.14) due to the inherent
noncommutative world-volume coordinates expressed in Eqs. (2.13). Notice that the limits h¯ = 0 and/or L = 0,∞
in Eq. (2.17) are singular even if one were to take L2/h¯2 → 1. As it was stated earlier, in the “classical” h¯eff → 0
limit, there are still nontrivial noncommutative corrections to the ordinary classical p-brane actions, and for this
reason our p-brane actions described in (2.14) differ from the standard p-brane actions.
Concluding, the action (2.14) written explicitly in terms of NCNPB given by Eqs. (2.17), (2.18) is the sought-
after noncommutative p-brane action associated with the noncommuting world-volume coordinates qA,pA given
by the Yang’s algebra (2.12), (2.13) after one identifies the p + 1 = 2n world-volume coordinates σ ’s with the
2n-dim phase space variables qA,pB . Finally, the Moyal–Yang (Kontsevich) deformed p-brane action (2.11), for
non-zero values of h¯eff, requires to write
1
ih¯eff
{{
Xµ1,Xµ2
}}
∗
= {Xµ1,Xµ2}NCPB + (ih¯eff)2 Ωi1j1Ωi2j2
(
∂2i1i2X
[µ1)(∂2j1j2Xµ2])
(2.19)+ (ih¯eff)
3
[
Ωi1j1
(
∂j1Ω
i2j2
)(
∂i1∂i2X
[µ1∂j2Xµ2] − ∂i2X[µ1∂i1∂j2Xµ2]
)]+ O(h¯2eff)
that are introduced in the expression (2.11) for the Moyal–Yang deformed p-brane action S∗ after using Eqs. (2.3),
(2.5), (2.13) for the Kontsevich star product, the MYNPB and the symplectic matrix Ωij2n×2n, respectively. We fore-
see that the origins of noncommutativity of spacetime could be understood within the framework of the extended
relativity theory in Clifford spaces [8] where area, volume and hypervolume coordinates, and a minimum length
scale parameter, are essential ingredients.
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